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Abstract
A new homomorphism between two partially ordered sets (the III-homomorphism) and a new congruence on a poset (the III-
congruence) are introduced. Some properties of these homomorphisms and congruences and their relationship to the other known
homomorphisms and congruences on posets are investigated. In contrast to total algebras, there are many different ways to introduce
these notions. It is usually required that the respective notions should coincide with the usual deﬁnitions whenever lattices or
semilattices are treated. The present paper presents an approach which in some sense completes the hierarchy of deﬁnitions so far
used.
© 2007 Elsevier B.V. All rights reserved.
MSC: 06A06; 06B10
Keywords: Isotone mappings; Strong homomorphisms; III-Congruences; III-Homomorphisms; Semilattices
1. Introduction
There is a lot of possibilities how to deﬁne homomorphisms and congruence relations on partially ordered sets. We
will consider the following mappings between posets:
(I) Isotone mappings.
(II) Strong homomorphisms: A mapping  : (X, ) → (X′,  ′) is called a strong homomorphism if  is isotone
and for a, b ∈ X, (a) ′(b), there exist c, d ∈ X, cd such that (a) = (c), (b) = (d).
(IV) w-stable strong homomorphisms (see [7]): Let (X, ) be a poset. Then, for A ⊆ X, we denote
L(A) = {x ∈ X|xa for all a ∈ A},
U(A) = {x ∈ X|ax for all a ∈ A}.
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Let eX(x)=L(x) and N0(X) be the sublattice of the Dedekind McNeille completion N(X) of (X, ) generated
by the set {L(x)|x ∈ X}. Then we call a mapping  : (X, ) → (X′,  ′) w-stable if there exists a lattice
homomorphism ∗ : N0(X) → N0(X′) such that the following diagram is commutative:
(V) LU-morphisms (see [4]): For all x, y ∈ (X, ), let (x, y) be the ordered subset of the ordered set X. Denote
the set of lower bounds of (x, y) on X by LX(x, y)) and the set of upper bounds of (x, y) on X by UX(x, y),
respectively. Then a mapping  : (X, ) → (X′,  ′) is called an LU-morphism if
(LX(x, y)) = LX′((x),(y)),
(UX(x, y)) = UX′((x),(y)).
The above mappings have the following inclusion relations:
(I) → (II) and (IV) → (V).
The corresponding congruences can be accordingly deﬁned by using the kernels of these mappings and we call these
congruences I-, II-, IV-, V-congruences, respectively. Evidently each IV-homomorphism is a II-homomorphism and
each II-homomorphism is a I-homomorphism. It is easy to verify that each V-homomorphism is a II-homomorphism.
The assertion that a V-homomorphism is a IV-homomorphism was proved by R. Halaš in [7] only for the case of
mappings from ﬁnite posets. If it is true without the assumption of ﬁniteness, it remains an open question.
In this paper, we introduce the notion of a III-homomorphism between two partially ordered sets. The corresponding
congruences induced by III-homomorphisms and the relationship of III-homomorphisms and their corresponding
congruences will be studied. For information concerning homomorphisms and their related congruences, the reader is
referred to [1,3–9,11,10,12,13] in the literature. For notations and terminologies on posets not given in this paper, the
reader is referred to [2].
2. III-Homomorphisms on posets
We ﬁrst give the deﬁnition of a III-homomorphism on posets.
Deﬁnition 2.1. Let (X, ) and (X′,  ′) be posets. Suppose that a mapping  : X → X′ satisﬁes the following
conditions:
(A) For all a, b ∈ X, ab implies (a) ′(b).
(B) For any a, b ∈ X with (a) ′(b), there exist c, d ∈ X with cd such that (a) = (c) and (b) = (d).
(C) For all a, b, a′, b′ ∈ X, if a ∧ b, a′ ∧ b′, a ∧ b ∧ a′, a′ ∧ b′ ∧ b and a ∧ b ∧ a′ ∧ b′ exist, then (a) = (a′) and
(b) = (b′) imply (a ∧ b) = (a′ ∧ b′).
Then,  is called the III-homomorphism between the posets (X, ) and (X′,  ′).
Remark. Clearly, if a mapping  satisﬁes condition (A), then  is an isotone mapping. If a mapping  satisﬁes the
conditions (A) and (B), then is a strong homomorphism. Hence every III-homomorphism is a strong homomorphism.
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We now illustrate by examples that conditions (A), (B) and (C) given in Deﬁnition 2.1 are mutually independent:
Example 2.2. Consider the Hasse diagrams of the following posets (X, ) and (X′,  ′):
Deﬁne (a) = a′, (b) = b′, (c) = c′. Then (A) does not hold since ba but b′a′. However, it can be easily seen
that (B) is fulﬁlled. Since  is a bijective mapping, (C) holds trivially.
Example 2.3. Consider the posets (X, ) and (X′,  ′) with the following Hasse diagrams:
Let (a) = a′, (b) = b′, (c) = c′ and (d) = d ′. Then it is clear that (A) and (C) hold. However, (B) does not hold
since ca but there exist no u, v ∈ X such that (c) = (u), (a) = (v) and uv.
Example 2.4. Let (X, ) and (X′,  ′) be given posets with the following Hasse diagrams:
Let(a) = (b) = a′,(c)=c′. Then (A) and (B) can be easily veriﬁed.However, (C) fails to hold because(a)=(b)
but (a ∧ a) = (a ∧ b).
Example 2.4 also shows that there exists a II-homomorphism which is not a III-homomorphism.
In the following, we ﬁrst deﬁne the III-congruence on posets and later on, we will show that this congruence is a
kernel of a III-homomorphism.
Deﬁnition 2.5. Let  be an equivalence relation on a poset (X, ). Then  is called a III-congruence on X if  satisﬁes
the following conditions:
(D) If a, b, b′, c ∈ X, abb′c, then there exist a′, c′ ∈ X such that aa′c′c.
(E) If a, b, a′, b′ ∈ X, abb′a′a, then ab.
(F) If a, b, c ∈ X such that a ∧ c exists, then abc implies a(a ∧ c).
The following example shows that there exists a II-congruence which is not a III-congruence on a poset.
Example 2.6. Consider the following Hasse diagram:
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Clearly, a ∧ b = c exists, aab but a(a ∧ b) = c does not hold. Hence  in the above Hasse diagram is not a
III-congruence. However, it is trivial that  is a II-congruence.
In order to establish the relation between the III-homomorphisms and the III-congruences, we ﬁrst describe a partial
order on the quotient set X/.
Lemma 2.7. Let  be a III-congruence on a poset (X, ). Deﬁne a binary relation “ ′” on its quotient set X/ as
follows: For any a, b ∈ X/, a ′b if there exist a′, b′ ∈ X such that aa′b′b. Then “ ′” is a partial order
on the quotient set X/.
Proof. The reﬂexivity is evident, (E) ensures the antisymmetry and the transitivity follows from (D). Hence, “ ′” is
indeed a partial order on the quotient set X/. 
In view of Lemma 2.7, we clearly have the following deﬁnition.
Deﬁnition 2.8. Let  be a III-congruence on a poset (X, ). Denote by “” the partial order induced by . Then
we call the induced ( by “”) poset (X/, ) the quotient poset.
Theorem 2.9. Let  be a III-congruence on a poset (X, ). Then the natural mapping  : X → X/ is a
III-homomorphism which maps from (X, ) into (X/, ). Moreover, = ker .
Proof. It is easy to see that (A) and (B) are satisﬁed. To prove (C), let (a) = (a′) and (b) = (b′). Suppose that
a ∧ b, a′ ∧ b′, a ∧ b ∧ a′, a′ ∧ b′ ∧ b and a ∧ b ∧ a′ ∧ b′ exist. Since a ∧ baa′ and a ∧ b ∧ a′ exists, by (F) we have
(a∧b)(a∧b∧a′). Also, since a∧b∧a′bb′ and a∧b∧a′∧b′ exist, we have (a∧b∧a′)(a∧b∧a′∧b′). Similarly,
since a′ ∧b′b′b, a′ ∧b′ ∧ba′a and a∧b′ ∧b, a′ ∧b′ ∧b∧a exist, we have (a′ ∧b′)(a′ ∧b′ ∧b)(a′ ∧b′ ∧a∧b).
Consequently, (a ∧ b)(a′ ∧ b′), and thereby (a ∧ b) = (a′ ∧ b′). 
Theorem 2.10. Let (X, ) and (X′,  ′) be posets and  be a III-homomorphism from (X, ) into (X′,  ′). Then
the kernel of  is a III-congruence on (X, ).
Proof. Denote ker := . We now proceed to verify that the relation  satisﬁes (D), (E) and (F), respectively. Now,
(D) and (E) follow immediately from (A) and (B). To verify (F), let abc and suppose that a ∧ c exists. Using (C),
we obtain (a ∧ b) = (a ∧ c) which means that a(a ∧ c). 
Remark. We have seen in the proof of Theorem 2.9 and Theorem 2.10 that (D)+(E) implies (A)+(B) and vice versa.
In other words, the II-congruences (i.e., the congruences corresponding to the II-homomorphisms) can equivalently be
deﬁned by (D) and (E).
We now illustrate by examples that the conditions (D), (E) and (F) given in Deﬁnition 2.5 are mutually independent.
Example 2.11. In Example 2.6,  is obviously a II-congruence but not a III-congruence. Thus the equivalent relation
deduced by  satisﬁes conditions (D) and (E), but  does not satisfy (F).
Example 2.12. Let the equivalent relation be given as follows:
It is easy to see that (D) and (F) hold. But (E) is not satisﬁed, because adbca while ad does not hold.
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Example 2.13. Consider the equivalence relation given by the following Hasse diagram:
Clearly,  satisﬁes (E) and (F), but it fails to satisfy (D).
3. Properties of the III-congruences
It is trivial to see that the identity relation and the universal relation are both III-congruences on posets. Since the
III-congruences are the kernels of the III-homomorphisms, the III-homomorphisms must be isotone mappings and the
classes of III-congruences are convex subsets. Now we present an example to show that the classes of III-congruences
need not be directed.
Example 3.1. Consider the following diagram:
It is trivial to see that  in the above diagram is a III-congruence on the given poset. However, the blocks {a, b} and
{c, d} in the Hasse diagram are clearly not directed.
We point out here that the intersection of two III-congruences is not necessarily a III-congruence. This fact can be
shown by the following example.
Example 3.2. Consider the following diagrams:
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In the above Hasse diagrams, we can verify that 1 and 2 are both III-congruences. However, the intersection 1 ∩ 2
is not a III-congruence. Indeed, we have b′(1 ∩ 2)d(1 ∩ 2)b(1 ∩ 2), and the classes b′(1 ∩ 2) = {b′} and
b(1 ∩ 2) = {b} are both singletons with b′b, so 1 ∩ 2 does not satisfy (D).
We next show that for semilattices III-homomorphisms and semilattice homomorphisms coincide.
Theorem 3.3. Let (S,∧), (S′,∧′) be semilattices and (S, ) and (S′,  ′) be their corresponding posets, respectively.
If  is a surjective mapping from (S,∧) into (S′,∧′), then  is a semilattice homomorphism if and only if  is a III-
homomorphism.
Proof. (Necessity) Let  be a semilattice homomorphism from (S,∧) into (S′,∧′). It is easy to verify that  is a
III-homomorphism from (S, ) into (S′,  ′).
(Sufﬁciency) Let  be a III-homomorphism which maps from (S, ) into (S′,  ′), a, b ∈ S. Then by (A) we have
(a ∧ b) ′(a) and (a ∧ b) ′(b). Thus, (a ∧ b) ′(a)∧′(b). Because  is surjective, there exists u ∈ S such
that (u)=(a)∧′(b). Now, since (u) ′(a), there exist u′, a′ ∈ S, u′a′ such that (u)=(u′), (a)=(a′).
Similarly, by (u) ′(b), we can also ﬁnd an element u′′ ∈ S and an element b′ ∈ S such that (u) = (u′′),
(b)=(b′) and u′′b′. This implies that u′ ∧u′′a′ ∧b′ and hence (u′ ∧u′′) ′(a′ ∧b′). However, by conditions
(B) and (C) of a III-homomorphism, we have
(u) = (u ∧ u) = (u′ ∧ u′′) ′(a′ ∧ b′) = (a ∧ b).
This leads to (a ∧ b) = (a)∧′(b) and hence  is a semilattice homomorphism. 
Corollary 3.4. Let (S,∧) be a semilattice and (S, ) its corresponding poset. Moreover, let  be an equivalence
relation on S. Then  is a semilattice congruence on (S,∧) if and only if  is a III-congruence on the corresponding
poset (S, ).
4. Relationships between the III-congruences and the IV-congruences
We ﬁrst show that a IV-homomorphism must be a III-homomorphism.
Theorem 4.1. Let  be a IV-homomorphism from a poset (X, ) into another poset (X′,  ′). Then  is a III-
homomorphism.
Proof. We need to show that  satisﬁes (A), (B) and (C). Since  is a IV-homomorphism, it is clear that  satisﬁes (A)
and (B). We now verify that  satisﬁes (C). Since  is a IV-homomorphism, the following diagram is commutative:
To show that  satisﬁes (C), assume that for a, b, a′, b′ ∈ X, the assumptions of (C) are fulﬁlled, and let (a)=(a′)
and (b) = (b′). Then we can deduce the following equalities:
eX′ [(a ∧ b)] = ∗[eX(a ∧ b)]
=∗[L(a ∧ b)]
=∗[L(a) ∩ L(b)]
=∗[eX(a) ∩ eX(b)]
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= [∗(eX(a))] ∩ [∗(eX(b)]
= [eX′((a))] ∩ [eX′((b))]
= [eX′((a′))] ∩ [eX′((b′))]
= [∗(eX(a′))] ∩ [∗(eX(b′)]
=∗[eX(a′) ∩ eX(b′)]
=∗[L(a′) ∩ L(b′)]
=∗[L(a′ ∧ b′)]
=∗[eX(a′ ∧ b′)]
= eX′((a′ ∧ b′)).
Since eX′ is injective, (a ∧ b) = (a′ ∧ b′) and hence, (C) holds. 
We have seen (cf. Example 3.1) that  is a III-homomorphism on (X, ). In the following, we give an example to
show that a III-congruence need not be a IV-congruence.
Example 4.2. Consider the following posets with Hasse diagrams:
We can easily verify that  is a III-congruence on (X, ). However, it is not a kernel of a w-stable mapping. Indeed,
we see that L(c)={a, b, c}, L(d)={a, b, d} and L(c)∩L(d)={a, b}. Suppose  is a w-stable strong homomorphism.
Then by [7], kernels of w-stable mappings from X are just restrictions of lattice congruences on No(X). It is easy to see
that  cannot be congruences onNo(X). It is easy to see that  cannot be obtained from any lattice congruence onNo(X).
Indeed, eX(c)∧ eX(d)= eX(a)∨ eX(b), which implies ∗(eX(c)∧ eX(d))=∗(eX(a)∨ eX(b)). We have ∗(eX(c)∧
eX(d))=∗(eX(c))∧∗(eX(d))=(eX′((c)∧eX′(d))=eX′((c)) and analogously∗(eX(a)∨eX(b))=eX′((a)).
As the mapping eX′ is injective, we obtain (a) = (c), a contradiction. Since the III-homomorphisms are always
strong homomorphism, we can immediately conclude that a w-stable mapping need notbe a strong homomorphisms.
On the other hand, in Example 4.2, we have already shown that a III-homomorphism need not be aw-stable mapping.
Therefore, the concept of a w-stable mapping and the concept of a III-homomorphism are indeed independent.
For another kind of morphisms which have already been studied in the literature, the reader is referred to [6]. Another
paper devoted to a description of several kinds of morphisms between posets has been given by Halaš and Hort in [8].
Last but not least, Halaš has proved (unpublished) that there are congruences between the types IV and V.
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